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1 Introduction 



Oh 

< 

In this paper are considered weakly coupled linear elliptic systems of the 
form 



(1) Lmu = in a bounded domain $7 £ i?" with smooth boundary 

in 

and boundary data u(x) = g(x) on <9S7, where = L + M, L is a matrix 
■ operator with null off-diagonal elements L = diag (L±, L2, ...Ljv), and matrix 

O '. M = {m ik (x)}f k=1 . Scalar operators 

r» 
o 

^— > 

are uniformly elliptic ones for k = 1,2, ...N, i.e. there are constants A, A > 



LkU k = - Eij=i Dj \ a k J {x)DiU k ) + E?=i b l k (x)DiU k + c k u k in O 



such that 



for every k and any £ = (£1, ...£ n ) £ -R n . 

Coefficients and in (1) are supposed continuous in fi, and a k (2), G 
W 1 ' 00 ^) nC(H). 

Quasi-linear weakly coupled elliptic systems 

(3) Q\u) = -diva l (x,u l ,Du l ) + F l (x,u\...u N ,Du l ) = f\x) in Q 
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(4) u l (x) = g l (x) on dQ 



I = 1, ...N are considered as well. 

System (3) is supposed uniformly elliptic one, i.e. there are continuous 

and positive functions A(|u|), A(|u|), \u\ = ((u 1 ) + ... + [u N j ) , such 
that A(s) is monotone-decreasing one, A(s) is monotone increasing one and 



for every u l and = eR n ,l = 1, 2, ...A/". 

The coemcients a l (x,u,p), F l (x,u,p), f l (x), g l (x) are supposed to be 
at least measurable functions with respect to the x variable and locally 
Lipschitz continuous on u l ,u and p, i.e. 



F l (x, u,p) - F l (x, v, q) < C(K) (\u - v\ + \p - q\) , 



a\x,u l ,p) - a\x,v l ,q) < C(K) (u l - v l + \p - q\j 



for every (x) G $7, \u\ + \v\ + \p\ + \q\ < K, I = 1, ...N. 

Hereafter by f~(x) = min(f(x),0) and f + {x) = max(f(x),0) are de- 
noted the non-negative and, respectively, the non-positive part of the func- 
tion f. The same convention is valid for matrixes as well. For instance, we 
denote by M + the non-negative part of M, i.e.M + = {mfAx)} 



N 

'i,j=l' 



This paper concerns the validity of the comparison principle for weakly- 
coupled elliptic systems. Let us briefly recall the definition of the comparison 
principle in a weak sense for linear systems. 

The comparison principle holds in a weak sense for the operator Lm 
if {Lmu,v) < and u\qq < imply (u,v) < in Q, for every v > 0, 

v g (w 1 ' 00 ^) n C (Ti)) N and u G (V 1 - 00 ^) n C(Ti)) N . 

As it is well-known, there is no comparison principle for an arbitrary elliptic 
system /see Theorem 6 below/. On the other hand, there are broad classes of 
elliptic systems, such that the comparison principle holds for their members. 
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According to Theorem 1 below, one of these classes can be constructed using 
the following condition: 

(6) There is real-valued principal eigenvalue Xn of Lm and its adjoint 
operator L*m for every ^ ^? such that the corresponding eigenf unctions 

w~q ,wq q G (w^ oc (Q )f]Co{^o)j are positive ones.U 

Remark 1: By adjoint operator we mean L*m = L*+M t , L* = diag (Lf, L\, L* N ), 
and L\ are L 2 -adjoint operators to The principal eigenvalue is the first 
one, or the smallest eigenvalue. 

More precisely, the class is C 6 = {Lm satisfies (6) and Aq > for every 
Oo Q ^} i-e. C 6 contains the elliptic systems possessing a positive principal 
eigenvalue with positive corresponding eigenfunction in Qq. In this case the 
necessary and sufficient condition for the validity of the comparison principle 
for systems (Theorem 1) is the same as the one for a single equation (See 
[2])- 

Theorem 1: Assume that (2) and (6) are satisfied. The comparison 
principle holds for system (1) if the principal eigenvalue Aq > 0, where Af2 
is the principal eigenvalue of the operator Lm on C Q. If the principal 
eigenvalue X = Xn < 0, then the comparison principle does not hold. 

If we consider classical solutions, then comparison principle holds if and 
only if A = Xq < 0. 

Proof: 1. Assume that the comparison principle does not hold for Lm- Let 

u,u € [W ,00 (fi) nC(Q)j be an arbitrary weak sub- and super-solution 

/ —\ N 
of L M . Then u = u - u G [W l '°°{Q) n C< S 1 )) 

is a weak sub-solution of 

L M , i.e. (L M (u),v) < in Q for any v G (w 1 ' 00 ^) n C (Q)Y ,v > and 
u + = on dU. Suppose u + / 0. Then 

> (L M u + ,wn ) = (u + ,L* M wn ) = X(u + ,w no ) > 

for A^o, wq defined in (6). 

Therefore u + = 0, i.e for any sub- and super-solution of Lm we obtain 
u < u. 

2. Suppose A < and w is the corresponding positive eigenfunction of 
Lm- Then w > but Lm{w) = Xw < 0. Therefore the comparison principle 
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does not hold for (!.).□ 

Unfortunately, there are some odds in the application of this general 
theorem since the condition (6) is uneasy to check. First of all, the system 
(1) may have no principal eigenvalue at all (See [10]). Another obstacle is 
the computation of A even when it exists. 

Comparison principle holds for members of another broad class, so-called 
cooperative elliptic systems, i.e. the systems with m,ij{x) < for i ^ j (See 
[9]). Most results on the positivity of the classical solutions of linear elliptic 
systems with non-negative boundary data are obtained for the cooperative 
systems (See [6,7,13,15,16,18,19,21]). As it is well known, the positiveness 
and the comparison principle are equivalent for linear systems. As for the 
non-linear ones, the positiveness of the solutions is a weaker statement than 
the comparison principle; positiveness can hold without ordering of sub-and 
super-solutions or uniqueness of the solutions at all. 

Comparison principle for the diffraction problem for weakly coupled 
quasi- linear elliptic systems is proved in [3]. 

The spectrum properties of the cooperative Lm are studied as well. A 
powerful tool in the cooperative case is the theory of the positive operators 
(See [17]) since the inverse operator of the cooperative L M - is positive in the 
weak sense. Unfortunately, this approach cannot be applied to the general 
case M ^ M~ since (Lm)~ 1 is not a positive operator at all. Nevertheless 
in [20] is proved the validity of the comparison principle for non-cooperative 
systems obtained by small perturbations of cooperative ones. 

Using unconventional approach, an interesting result is obtained in [14] 
for two-dimensional system (1) with m\\ = 771,22 = and rriij = pi(x) > for 
i 3i i = 1) 2. Theorem 6.5 [14] states the existence of a principal eigenvalue 
with positive principal eigenfunction in the cone Cjj = Pjj x (—Pjj), where 
Pjj is the cone of the positive functions in W^fi). In the same paper, 
Theorem 6.3, are provided sharp conditions for the validity of the comparison 
principle with respect to the order in Cjj = Pjj x (—Pjj), i.e. (771,772) < 
(vi, V2) if and only if u\ < v\ and U2 > V2- 

In [12] are studied existence and local stability of positive solutions of 
systems with = — d^A, linear cooperative and non-linear competitive 
part, and Neumann boundary conditions. Theorem 2.4 in [12] is similar to 
Theorem 2 in the present article for = — c^A. 

Let us recall that the comparison principle was proved in [11] for the 
viscosity sub-and super-solutions of general fully non-linear elliptic systems 
G^XjU 1 , ...u N ,Du l ,D 2 u l ) = 0, / = 1,...N /See also the references there/. 
The systems considered in [11] are degenerate elliptic ones and satisfy the 
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same structure-smoothness condition as the one for a single equation. The 
first main assumption in [11] guarantees the quasi- monotonicity of the sys- 
tem. Quasi-monotonicity in the non-linear case is an equivalent condition 
to the cooperativeness in the linear one. 

The second main assumption in [11] comes from the method of doubling 
of the variables in the proof. 

This work extends the results obtained for cooperative systems to the non- 
cooperative ones. The general idea is the separation of the cooperative and 
competitive part of system (1). Then using the appropriate spectral prop- 
erties of the cooperative part, in Theorems 3 and 4 are derived conditions 
for the validity of the comparison principle for the initial system. In partic- 
ular in Theorem 3 is employed the fact that irreducible cooperative system 
possesses a principal eigenvalue and the corresponding eigenfunction is a 
positive one, i.e. condition (6) holds. This way are obtained some sufficient 
conditions for validity of the comparison principle for the non-cooperative 
system as well. Analogously, in Theorem 4 are derived the corresponding 
conditions for the validity of comparison principle for competitive systems. 
The conditions derived in Theorems 3 and 4 are not sharp. 

Since predator-prey systems are basic model example for non-cooperative 
systems, in Theorem 5 is adapted the main idea of Theorem 4 to systems 
which cooperative part is a triangular matrix. Sufficient condition for the 
validity of comparison principle for predator-prey systems is derived in The- 
orem 5. 

In Theorems 6 and 7 are given conditions for failure of the comparison 
principle. 

The results of Theorems 3 and 4 are adapted to quasi-linear systems in 
Theorem 8. 

2 Comparison principle for linear elliptic systems 

As a preliminary statement we need the following well known fact 

Theorem 2: Every irreducible cooperative system L M - has unique prin- 
cipal eigenvalue and the corresponding eigenfunction is positive . 

The principal eigenfunction for linear operators is unique up to positive 
multiplicative constants, but for our purpose the positiveness is of impor- 
tance. 

In fact, Theorem 2 is in the scope of Theorems 11 and 12 in [1]. Theorems 
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11 and 12 in [1] concern second order cooperative linear elliptic systems with 
cooperative boundary conditions and are more general then Theorem 2. In 
sake of completeness, a sketch of the proof of Theorem 2 follows. It is based 
on the idea of adding a big positive constant to the operator. The same idea 
appears for instance in [16] and many other works. 

Skatch of tne proof: Let us consider the operator L c = L M - + cl where 
c € R is a constant and I is the identity matrix in R n . Then L c satisfies the 
conditions of Theorem 1.1.1 [16] if c is large enough, namely 

1. L c is a cooperative one; 

2. L c is a fully coupled; 

3. There is a super-solution ip of L c ip = 0. 

Conditions 1 and 2 above are obviously fulfilled by L c , since L M - is a 
cooperative and a fully coupled one, and L c inherits these properties from 
Lm-- 

As for the condition 3, we construct the super solution 92 using the 
principal eigenfunctions of the operators L k — c k . More precisely, ip = 
((pi,tp2,...,<PN), where (L k -c k )ip k = \ k (p k , and X k ,<Pk > in 17. The 
existence of ip k is a well - known fact. 

We claim that if c is large enough then tp is a super - solution of L c , i.e. 

if € (Wfa?(p.) H C(Q)j and ip > 0, L c ip > and if is not identical to null 
in 17. 

Since we have chosen (p k being the principal eigenfunctions of L k — c k , we 
have ip k £ (c 2 {Q) f] C(Q)j and ip k > 0. It remains to prove that L c ip > 0. 
Let 

n n n 

A k = (L c ip) k = - ^ Dj (4 J (x)Av 3 fc)+Xl fo U ;c )Av :, fc+5I m ^( x )v : 'i+( c fc+c)v : 'fe = 

i,j=l i=l i=l 

n 

= (A fc + c fc + c)v9 fe + ^m fei (x)^. 

i=i 

Then A k > for every z. 

First of all, if we denote by n the outer unitary normal vector to d£l, 
then 

dA k dip k ^ 

^lan = (A fc + c fe + c)— + E m«(x) — 

i=i 

since = 0. Therefore there is a constant d , such that ^^-\dn < for 

c > d since ^ < on dQ, (See [14], Theorem 7, p. 65) and Aj is independent 
on c. 
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Hence there is a neighbourhood Q e = {x & Q : dist(x, d£2) < e} for some 
e > 0, such that 

dAk \ <r n 

Since A\. = on 50, then ^ > in £l £ 

The set f2 \ £l e is compact, therefore there is c" > such that > in 
the compact set \ fi £ for c > c" , since </?fe > in \ £l £ . 

Considering c > max(d ', c") we obtain ^ > in 0, therefore 99 is indeed 
a super - solution of L c . 

The rest of the proof follows the proof of Theorem 1.1.1 [16]. □ 

A reasonable question is: could the non-cooperative part of the system 
"improve" the spectral facilities of the cooperative system? In other words, 
if the cooperative part of the system has non-positive principal eigenvalue, 
what are conditions on the competitive part, such that the comparison prin- 
ciple holds for the system? An answer of this question is given in the fol- 
lowing 

Theorem 3: Let (1) be a weakly coupled system with irreducible cooper- 
ative part of L* M _ such that (2) is satisfied. Then the comparison principle 
holds for system (1) if there is xq £ fl such that 

(V (A + £f =1 m+0zo)) >0forj = l...N 



and 



(8) A + rrijAx) > for every and j = 1...N 



where A = m/n cn{An : Xq is the principal eigenvalue of the operator 
L M - on Q }. 

It is obvious, that if A > 0, then the comparison principle holds. More 
interesting case is A < 0. Then m\- can "improve" the properties of Lm 
with respect to the validity of the comparison principle. Furthermore, if 
A + m'jj(x) > 0, then (7) is consequence of (8). Condition (7) is important 
when A + m+ (x) = 0. 

Remark 2: If L* M _ is irreducible, then L M - is irreducible as well. In 
fact L* M _ = L* + and if M~ l is irreducible, then such is M~ . 

Proof: Suppose all conditions of Theorem 3 are satisfied by Lm but the 

comparison principle does not hold for Lm- Let u,u£ ( W 1,oo (0,) D C(U) J 
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be an arbitrary weak sub- and super-solution of Lm- Then u = u — u € 
(W ' oo (Q)r\C(0,)\ is a weak sub-solution of Lm as well, i.e. {Lm(u),v) < 

in n for any v G ( W 1 ' 00 (n) D C (^J , v > and u+ = on dn. 

Assume u + ^ 0. Let Q SU pp(u+) ^ supp{u + ) has smooth boundary. Then 
for any v > 0, v € (h /1 '°°(^ smpp(m + ) ) n C(n su?)p(u+) )) 

(9) > (L M n+, v) = («+, L* M _v) + (M+u+, v) 

is satisfied since Lm{u + ) < 0. 

Since L M - is a cooperative operator, such is (L M -)* = L* + (M - )* as 
well. According to Theorem 2 above, there is a unique positive eigenfunction 

w G ( W/ io C n (^snpp(«+)) fl C (^ SU p P ( u +))) such that w > and L^-W = Xw 
for some A > 0. 

Then w is a suitable test-function for (9). Rewriting the inequality (9) 
for v = w we obtain 

> (u + ,L* M -w) + (M+u + ,w) = (u + ,Xw) + (M + u + ,w) 
or componentwise 

(10) > (u+, Xw k ) + (EjLMjuf, w k ) 

for k = 1, ...n. 

The sum of inequalities (10) is 

> ££Li + (Ef=imJ,.u+ «, fc )) = 

= Ef=i (^ + , EfcLi (S jk \ + m+ ) u; fc ) > 

since u + > 0, u>fc > 0, (7) and (8). Condition (8) is used in {u^ , (A + rn^ k )wkj > 
0. 

The above contradiction proves that u + = and therefore the comparison 
principle holds for operator 
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Since in [1] and [18] are considered only systems with irreducible co- 
operative part, the ones with reducible L M - are excluded of the range of 
Theorem 3. Nevertheless the same idea is applicable to some systems with 
reducible cooperative part as well, as it is given it Theorem 4. 

Theorem 4: Assume m~- = for i ^ j and (2) is satisfied. Then the 
comparison principle holds for system (1) if there is xq G O, such that 

(11) (Xj + Etimtjixo)) > forj = 1...N 
and 



(12) Xj + m^Ax) > for every x G Jl j = 1...N, 



where Xj = info cn{XjQ : Xjq is the principal eigenvalue of the operator 
Lj + mjj on S7 }- 

Theorem 4 is formulated for diagonal matrix M~ . The statement is valid 
with obvious modification if has block structure, i.e. 

/ Mf ... \ 



M~ = 



Mo 



\ ... M~ J 

where Mj7 are d^-dimensional square matrixes, dk < N ■ 

Proof: Let all conditions of Theorem 4 be satisfied by Lm but the com- 
parison principle does not hold for L M +. Let u,u G 

be an arbitrary weak sub- and super-solution of L M + . Then u = u — u G 
( W ,oc (f2) n C(fi) J is a weak sub-solution of L M + as well, i.e. (L M +(u), v) < 

in n for any v G ( W 1 ' 00 ^) D C (fi)J , v > and u+ = on dn. 

Suppose that u + ^ 0. Let & S upp(u+) Q supp(u + ) has smooth boundary. 
Then for any v > 0, v G W 2 1 ' 00 (^ SM p p(M + ) ) n C(n supp(u+) ) 

(13) > (L M+ u + ,v) = (u+,L*v) + (M+u+,w) 
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is satisfied since L M +u + < 0. 

According to Theorem 2.1 in [2], there is a positive principal eigenfunc- 
tion for the operator L* k in £l supp ( u +), i.e. 3 w k {x) £ C 2 (£l supp ( u +^ f] R 1 ) 
such that L* k w k {x) = \ k w k (x) and w k (x) > 0. Note that w k are classical 
solutions. 

Then the vector-function w(x) = (wi(x), w n (x)), composed of the 
principal eigenfunctions w k (x), is suitable as a test-function in (13). 
Writing componentwise inequality (13) for v = w we obtain 

(14) > (u+ L%w k ) + (EjLim+ «+ w k ) 

for k = l,...N. 

The sum of inequalities (14) is 

> Ek=i ((u+,L%w k ) + (£f=im+u+ w k )) = 

= Ef=i (u k , AfeWfc) + E*j=i ^J^fe) = 

= Ef=i Ef=i («y j "fcA j + m+ ) «; fc ) > 
since u + > 0, w k > 0, (11) and (12). 

The above contradiction proves that u + = and therefore the comparison 
principle holds for operator L^.U 

Remark 3: R is obvious that conditions (7), (8), and respectively, (11), 
(12), can be substituted by the sharper condition Efc=i ($jk^k + m kj) w k > 
for every and every j = 1...N, which is useful only if the exact values 

of the eigenfunctions w k can be computed. 

The main idea in Theorem 4 could be modified for systems with tri- 
angular cooperative part, for instance with null elements above the main 
diagonal. For instance predator-prey systems have triangular cooperative 
part. Of course, if m~ (x) > for every x G ft and i = 1, ...N, j < i, then 
the system is in the scope of Theorem 3. In Theorem 5 this condition is not 
necessary, i.e. some of the species can extinguish in some subarea of 0,. 

Theorem 5: Assume (2) is satisfied and the cooperative part M~ is 
triangular for the system (1), i.e. m~- = for i = 1,...N, j > i. Then the 
comparison principle holds for system (1), if there is e > such that 
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(15) (Xj - (1 - 5^)6 + Ek=i ™tj( x o)) > for 3 = for some x G 
and 

(16) Xj — (1 — 5ij)e + rrij'j(x) > for every x£0 and j = I...N, 

where Xj = m/n cn{Ajn : XjQ is the principal eigenvalue of the operator 
Lj + mjj on S7 }- 

Note that the condition for triangular cooperative part does not exclude 
m~(xo) = for some xo G fi, i, j = 1, ...JV. 

Proof: 1. The first equation in L M - is not coupled, and there are prin- 
cipal eigenvalue Ai and principal eigenfunction w\ > of L\ + m{\ (See 
Theorem 2.1 in [2]). We put w\ = w\. 

2. The equation (L2 + m^)^ — Xw2 = vn<i\W\ with null boundary con- 
ditions has unique solution for A < A2, where A2 is the principal eigenvalue 
of L2 + m,22- We put A = A2 — e. Since the right-hand side m2\W\ is positive, 
the solution W2 is positive as well. 

3. By induction we construct positive functions Wj, j = 3, ...N as so- 
lutions of (Lj + m~j)wj — (Xj — e)wj = Yj{=i m jiWi with null boundary 
conditions. As usual Xj are the principal eigenfunctions of Lj + mjj. 

4. The rest of the proof follows the proof of Theorem 4 where Xj is 
substituted with Xj — e and Wj is substituted with Wj . 

For the simplest predator-prey system, N = 2, m\\ = 17122 = 0, m\2 > 
and ?7i2i < 0, conditions (15) and (16) are Ai > 0, A2 > 0, where Xj is the 
principal eigenvalue of the operator Lj, j = 1,2. 

Condition (12) in Theorem 2 is useful for construction of counter-example 
for the non-validity of comparison principle in general. 

Theorem 6: Let (1) be a weakly coupled system with reducible coopera- 
tive part L M - and (2) be satisfied. Suppose that (12) is not true, i.e there is 
some j € {1...JV} such that (Xj + m^(x)^ < for any x G Q, and = 
for I 7^ j, I = 1, ...N. Then comparison principle does not hold for system 
(!)■ 

Proof: Let us suppose for simplicity that j = 1 and m 1 j = for j = 
2,...N. We consider vector-function w(x) = w±(x), 0, 0, where wi(x) is 
the principal eigenfunction of L\ + m^. 
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Then for the first component (Lm)\ of Lm is valid (Lmw)i = Xwi(x) + 
mf 1 wi(x) < in Q, where Xj is the principal eigenvalue of L\, and {Lmw)u = 
for k = 1,...N. Therefore, Lmw < but w(x) > and comparison 
principle fails. □ 

The simplest case to illustrate Theorems 4 and 6 is N = 2. Let us 
consider irreducible competitive system 

(17) L jUj + Ej,fc=i m jk u k = fj, j = 1, 2, 

where m\\ = 77122 = 0, 77112 > 0, 771-21 > 0. 

Suppose Xj is the principal eigenvalue of Lj, j = 1, 2. If Aj > and there 
is xq € £1 such that Ai + T7i 2 i(xo) > and A2 + 7Bi2(xo) > 0' then according 
to Theorem 4 the comparison principle holds for system (1), i.e. if f\ > 0, 
f'2 > 0, then lii > and ii 2 > 0, where u = u — u is defined in the proof of 
Theorem 3. 

If A2 + 77712 (x) < for every x G fl, then according to Theorem 6 there 
is no comparison principle for system (1) in the lexicographic order, used in 
this paper. 

More detailed analysis of the validity of the comparison principle for 
system (1) could be done if we consider order in the cone Cjj = Pjj x {—Py), 
i.e. (1x1,1x2) < (^1)^2) if and only if u\ < v\ and U2 > vi- Then Theorem 
6.5 [14] states the existence of a principal eigenvalue A of L* with positive 
in Cjj principal eigenfunction w\{x) > 0, u>2(x) < 0. 

If A > 0, then according to Theorem 6.3 [14] the comparison principle 
holds in the order in Cjj, i.e. if f\ > 0, f'2 < 0, then u\ > and U2 < 0. 

If A < 0, then (Li(-ui)+777i 2 U2, wi)+(L 2 U2+m2i(— -ui), ^2) = (-u\,Xwi + 
m2\W2) + [u2-,m2iw\ + X1V2) > 0. Hence u\ < and 7x2 > for f\ > 0, 

h > 0. 

A statement analogous to Theorem 6 is valid for irreducible systems as 
well. 

Theorem 7: Let (1) be a weakly coupled system with irreducible coop- 
erative part L M - and (2) be satisfied. Suppose that (7) is not true, i.e there 
is some j G {1...7V} such that ^A + 771^(2;)^ < for any xGfi, and tti^ = 
for I ^ j, I = 1, ...N. Then comparison principle does not hold for system 
(!)■ 

Note that in Theorem 6 and Theorem 7 we need the violation of condition 
(12) and, respectively, condition (7) in all O. The proof of Theorem 7 follows 
the proof of Theorem 6 with obvious adaptation. 
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3 Comparison principle for quasi-linear elliptic sys- 
tems 



Considering quasi-linear system (3), (4), we use the results of the previous 
section to derive conditions for the validity of comparison principle. 

Let u(x) G f W 1 ' 00 (n) n C(0)J be a sub-solution and v(x) G ( W 1 ' 00 ^) n C(O) 
be a super-solution of (3), (4). Comparison principle holds for (3), (4), if 
Q(u) < Q(v) in O, u < v on <90 imply it < v in 0. Last three inequalities 
are considered in the weak sense. 

Recall that the vector- function u(x) is a weak sub-solution of (3), (4) if 

J (a li {x,u l ,Du l )r ) l x .+F l (x,u 1 ,...u N ,Du l )r ) l - f l (x)rf} dx < 



/ o l,oo _ \ 

for I = l,...N and for every nonnegative vector function rj G I W (O) n (7(17) I 
(i.e. 7 1 = (t] 1 , ...t] N ), rf >0,r] l e [W 1 ' 00 ^) n C(0)J n C(O) and rf = on 

Analogously, G (V 1 ' 00 ^) D C(H)) is a super-solution of (3), (4), 

if 

y (a K (x,d, W)^. + F , (a;,v 1 ,...u JV ,.DvV - dx > 



v 



/ o l,oo — \ ^ 

for Z = 1,...N and for every nonnegative vector function r\ G I W (0) n (7(0) I . 

Since u{x) and v{x) are sub-and super-solution respectively, then w(x) = 
u(x) — v(x) is a weak sub-solution of the following problem 

- £&=i A (BfDjw 1 + B"* 1 ) + Ef=i^ + Y.UH\DiW l = in n 

with non-positive boundary data on 30. Here 

B j = Jo ^P l )ds, B§ = Jo 1 ^(x,P l )ds, E{ = Jo 1 §£(x,S l )ds, 

H\ = Jo 1 ^-{x,S l )ds, P l = (v l + s(u l -v l ),Dv l + sD(u l -v'))> 

5' = ( w + s (n - v),Dv l + sD(u l - v l fj . 
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Therefore, w + (x) = max (w(x), 0) is a sub-solution of 

(18) E?j=i A + s o <) + Ef=i 4*+ + E?=i ffj A*V = o 

in S7 

with zero boundary data on <9f2. 

Equation (18) is equivalent in terms of matrix to 

(19) B E w+ = (B + E)w + = in 17, 

where B = diag(B u B 2 , ...B N ), B x = £^ =1 A (b 1 / D jW \ + B l jw l + ) +E?=i H\D iW \ 

and £ = {tfjij+i- 

If we denote B k L 3 by a£, + H* by 6 l fc , E?=i A-B§* + 4 b y ™fcfcO*0 for 
i,j = l...n, A; = 1...N and 4 by mik{x) for A;, / = 1...N, k ^ I, system (18) 
looks like system (1). Hereafter we follow the notations for system (1). 

Suppose now that w+(x) is not identical equal to zero in 0, i.e. compar- 
ison principle fails for (3), (4). Suppose L M - is irreducible. Then 

> (Lmu>+, w) = (w+, L* M -w) + (M + w + ,w) = (u> + , Xw) + (M + w + , w) 

where A is the principal eigenvalue of L* M _ and w is the corresponding 
eigenfunction. 

Suppose a k 3 and m^(x) satisfy the conditions (2), (7) and (8) in Theorem 
3. Following the proof of Theorem 3, we obtain that w + = in 17, i.e. 
comparison principle holds for the system (3), (4). 

If L M - is reducible, then 

> {L M w + , w) = (w+, L*w) + (M+w+, w) = (w+, Xvuj + (M + w + , w) 

where Xw = (X±Wi, X2W2, ...Xnwn), is the principal eigenvalue of L* k and 
Wk is the corresponding eigenfunction for k = 1, ...N. 

Suppose a k J and mik{x) satisfy the conditions (2), (11) and (12) in The- 
orem 4. Following the proof of Theorem 4, we obtain that w + = in Q, i.e. 
comparison principle holds for the system (3), (4). 

We have sketched the proof the following 
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Theorem 8: Suppose (3), (4) is a quasi-linear system and the corre- 
sponding system B E - in (19) is elliptic. Then the comparison principle 
holds for system (3), (4) if 

(i) B E - in (19) is irreducible and for every j = l...n 

(ii) A+ (££Li $-(x,p,Dft) +Z£ 1 D i $-(x,pi,Dpi)) + > 0, 

(iii) A + ( E « =lA f^(*,^,ZV) + ^r{x,p,Dpi)) + > 

where x £ £1, p £ R n and A = m/h cn{Ao. ■' Aq is the principal eigenvalue 
of the operator B E - on VLq]; 

or 

(V) B E - in (19) is reducible and for every j = l...n 

(H') A, + (E2=i %£(x,p,Dpi) + Y^ =1 D l ?f( X ,p3,Dpi)) + > 0, 

(Hi') A, + (E? =1 A§£(*,pW) + ^(x,p,Dpi)) + > 

where x G £1, p G i? n and A; = infci c.ci{^m •' Azn ^ s ^ e principal eigen- 
value of the operator B\ on f2o • 

4 Final remarks 

77ie sufficient conditions in Theorems 3 and 4 o,re derived from the spectral 
properties of the cooperative part of (1) - the operator L M - , or, in other 
words, comparing the principal eigenvalue of L M + with the quantities in 
M + . In fact the positive matrix M + causes a migration of the principal 
eigenvalue of L M - to the left. 

Theorems 3 and 4 provide a huge class of non-cooperative systems such 
that the comparison principle is valid for. The idea of migrating the spectrum 
of a positive operator on the right works in this case, though the spectrum 
itself is not studied in this article. The results for non-cooperative systems 
in this paper are not sharp and the validity of the comparison principle is to 
be determined more precisely in the future. 
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